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Intr oduction
Softwaresynthesisis the processof transforminga formal
problemspecificationinto softwarethat is efficient andcor-
rect by construction. We have usedKIDS (Kestrel Inter-
active DevelopmentSystem)over the last ten yearsto syn-
thesizevery efficient programsfor a variety of scheduling
problems(Smith, Parra,& Westfold1996;Smith & West-
fold 1995; M.H.Burstein & Smith 1996). The efficiency
of theseschedulerssystemis basedon the synthesisof
specializedconstraintmanagementcodefor achieving arc-
consistency. Previoussystemsfor performingschedulingin
AI (e.g. (Fox & Smith1984;Fox, Sadeh,& Baykan1989;
Smith,Fox, & Ow 1986;Smith1989))andOperationsRe-
search(Applegate& Cook1991;Luenberger1989)usecon-
straint representationsandoperationsthat aregearedfor a
broadclassof problems,suchasconstraintsatisfactionprob-
lemsor linear programs. In contrast,synthesistechniques
canderivespecializedrepresentationsfor constraintsandre-
lateddata,andalsoderiveefficientspecializedcodefor con-
straintcheckingandconstraintpropagation.Synthesistech-
nology allows us to specializethe codeby exploiting both
problem-independentknowledge(theoryof linearprogram-
ming,finite domains,etc.)aswell asproblem-specificinfor-
mationobtainedfrom theproblemspecification.

In thispaperwefocusontheunderlyingideasthatleadto
the efficiency of our synthesizedschedulingprogramsand
explore their generality. Our constraintsatisfaction algo-
rithms fall into the classof global search algorithms. We
have explored this classin more depth elsewhere (Smith
1987;Smith& Westfold1995).Herewe focuson a formu-
lation that usespointsin a semilatticeto representsolution
spaces.Thissemilatticeframework naturallyallows for het-
erogeneousvariables(variablesof differenttypes),multiple
constraintson eachvariable,indexedvariables,conditional
constraintsandadynamicsetof variables.

The basicidea of global searchis to representand ma-
nipulatesetsof candidatesolutionsor solutionspaces. The
principaloperationsareto extract candidatesolutionsfrom
a solution spaceand to split a spaceinto subspaces.De-
rivedoperationsinclude(1) filters which areusedto elimi-
natespacescontainingno feasibleor optimalsolutions,and
(2)cuttingconstraintsthatareusedto eliminatenon-feasible
elementsfrom aspaceof candidatesolutions.Globalsearch
algorithmswork as follows: startingfrom an initial space
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Figure1: PruningandConstraintPropagation

that containsall solutionsto the given problem instance,
the algorithm repeatedlysplits spacesinto subspaces—
refinementsof thespace—eliminatesspacesvia filters,and
contractsspacesby propagatingcuttingconstraintsuntil no
spacesremainto besplit. Theprocessis oftendescribedas
atree(or DAG) searchin whichanoderepresentsasolution
spaceand an arc representsthe split relationshipbetween
spaceandsubspace.The filters andconstraintpropagators
serveto pruneoff branchesof thetreethatcannotleadto so-
lutions. SeeFigure1 which illustratestheworking of prun-
ing andconstraintpropagationon solutionspaces.

The key to the efficiency of global searchalgorithmsis
the reductionof the size of the searchspaceby an effec-
tive representationof solutionspacesthatallows constraint
propagationandpruningatthelevelof solutionspacesrather



thanindividual concretesolutions.
There
�

is acertainamountof freedomin theformulationof
solutionspaces.Wehave foundthatit is desirableto choose
a formulationwith a (meet)semilatticestructure1. A solu-
tion spaceis representedby a point in thesemilatticewhich
is thegreatestlowerboundof thesolutionspace.Thisstruc-
turegivesyouthepropertythatasolutionspacefor onecon-
straintcanbe combinedwith the solutionspaceof another
constraint(usingthemeetoperation—� ) to producetheso-
lution spacefor theconjunctionof thetwo constraints.

RehofandMogensenhaveshown thatsatisfiabilityof sets
of definiteinequalityconstraintsinvolving monotonefunc-
tionsin a finite meetsemilatticecanbedecidedby a linear-
time algorithm(Rehof& Mogenson1999)usinga fixpoint
iteration. Their notionof definiteinequalitygeneralizesthe
logical notion of Horn clausesfrom the two-point boolean
latticeof thetruthvaluesto arbitraryfinite semilattices.One
indicationof the power of this classis that arc consistency
impliesglobalconsistency. We refer to theRehofandMo-
gensenalgorithm as algorithm RM. In CSPterms,a defi-
nite inequalityproblemhasthedesireablepropertythatarc-
consistency implies globally consistency. The RM algo-
rithm is a (hyper)arc-consistency algorithm.

Ourwork canbeviewedasaddingdisjunctiveconstraints
to their framework2. The disjunctsare handledprimarily
by a searchthat incrementallygeneratesconjunctive prob-
lems that are solved efficiently using essentiallythe algo-
rithm RM.

Framework
We use the languageof first-order predicatecalculusfor
specification. A binary relation on a set � is a subsetof
the product ����� . A function � from a set � to a set � ,
written �
	��
��� , is a subsetof �
��� suchthat for each��� � thereis exactlyone � � � with � ��� ��� � � . In thiscasewe
write ��� � ����� . A definitionsof � is presentedasfollows:

definition����� ���"!
where # is anexpressionthatmayinvolve thevariable $ .

If the domainof � is itself a productthen � appliedto the
tuple � �%� ��� is written ��� �%� �&� .

Definition. A binary relation ' definedon a set � is a
partial order in theset � if thefollowing conditionshold:( ��� ���)'*� � reflexivity �( ��� �,+ �-���.' +0/�+ '*�213�4� + �5� antisymmetry �( ��� �,+ �76 �-���.' +8/9+ ' 6 1:�)' 6 �;� transiti vity �

A function � is monotonewith respectto thepartialorder
if
( �<$ �>= �?�<$9' = 1:���<$@�A'*��� = �>� .
Definition. Let ' bea partialorderon � and B a subset

of � . An elementC in � is a least upper boundof B if( �<$@�D�<$ � BE1F$G'�CH� and
( � = �D� =I� � / ( �<$@�J�<$ � BK1$L' = �-1MC9' = � . Similarly anelementC in � is a greatest

1This is nota limiting restrictionasit is alwayspossibleto con-
vert an arbitrarydomaininto a lattice by lifting: addinga bottom
element.

2Ourwork wasindependentof thatof RehofandMogensenand
focusedonthedisjunctiveaspectsof theproblemandthesynthesis
of constraint-solvingcodes.

lowerboundof B if
( �<$@�N�<$ � BG1OC�'P$@� and

( � = �N� =?� � /( �<$@�-�<$ � BG1 = 'Q$@��1 = 'RC@� .
Definition. A set � with partial order ' is a meetsemi-

lattice if f every pair ��� � in � hasa leastupperbound. � �.�
(or �A� �%� ��� ) is definedto betheleastupperboundof S �%� �UT .
Similary, it is a join semilatticeif f every pair �%� � in � hasa
greatestlowerbound,and �JV � is definedto bethisgreatest
lowerbound.It is a lattice if it is bothameetsemilatticeand
a join semilattice.

Wereferto meetandjoin semilatticesusingthestructures�W� � ' � �?� and �W� � ' ��V � andfull latticesusingthe structure�W� � ' � � �XV � . Examplelattices are � Integer �ZY
� max� min� ,� Set�U[8�X\]�X^ � , and the boolean lattice �_S true� falseT � 1�X`]�X/ � .
Two semilattices �W��a � '
a � �-a�� and �W�cb � 'Db � ��bU� can be

combinedto make a productsemilattice�W��a8�R�db � '-e � �@e,�
where

definition �)'gf + �
���@h<i)'8j + hki / �@hmlR'
n + hol��
definition �I��f + �
���@h<ip�Aj + h<i � �@holq�-n + holc�

A semilattice �W� � ' � ��� or �W� � ' ��V � may have top ( r )
and/orbottom( s ) elementsdefinedasfollows:( ��� �-��� �Nt 1:�)'Gr0�( ��� �-��� �Nt 1:su'G� �

The computationalsignificanceof the meet semilattice
structureis that it allows two constraintson a variable v of
theform wZax'Qv and w�b8'Pv , wherewZa and w&b areconstants
in a lattice,to bereplacedby theequivalentsingleconstraintwXy8'Qv where wXyD��wZaN�.w�b .

Wefollow thedefinitionsof RehofandMogensen(Rehof
& Mogenson1999) in introducingthe conceptof definite
inequalities.

Definition. An inequality is calleddefinite if it hasthe
form z�'
� , where � is anatom(a constantor a variable)
and z is a termwhosefunctionsareall monotone.

Rehof and Mogensenshowed that satisfiability of a set
(conjunction)of definiteinequalitiescanbe decidedin lin-
ear time for a meetsemilatticedomain. For the two-point
booleanlattice this is exactly the satisfiability of proposi-
tionalHornclauses(HornSAT) problem(sinceHornclauses
have the form {]a / hUh&h / {�|L1~} , which is the inequality{-a V h&h&h V {�|�'�} in thebooleanlattice).

The problemwe areconsideringin this paperis solving
sets(conjunctions)of disjunctionsof definite inequalities
over meetsemilattices.This problemis NP-completewith
propositionalsatisfiability(SAT) asaninstance.

Althoughtheproblemformulationallows any numberof
variables,only oneis necessary, aswe canreplace� vari-
ablesby a singlevariablewhosevalueis the � -tupleof the
valuesof the � variables. The domainof the single vari-
able is the productsemilatticeof the � semilatticesof the
domainsof the variables. This allows heterogenousprob-
lems,wherethevariabledomainsaredifferent,tobehandled
in our framework. Similarly, dynamicproblems,wherethe
numberof variablesconstrainedcan increaseduring prob-
lem solving,canbehandledvia semilatticestructureon dy-
namicmapsandsequences.

For example,considerthe heterogeneousproblemwith
two semilattices�W�Na � '8a � �-a�� and �W�db � 'xb � �NbZ� , and func-



tions ��a
	x��aI���dbR����a and ��b�	x��aI���dbR���db , with
the follo

�
wing two constraintson the variables��a]	N��a and�
b 	��db .��j ���8j � �Jn��A'8jI�8j�>n@���8j � �Jn��A'Jn��Jn

Theseareequivalentto��j ���
hki � �
holc�]'0jI�
hki�>n@���
hki � �
holc�]'
n��
hml
where ���
����a � �
bZ� .
Thetransformedconstraintsetis not yet in definiteform

becausetheright-handsidesarenot � but they canbetrans-
formedusingthefollowing equivalencefor a productsemi-
lattice �W��aD���db � '-e � �@e,� :z.'D�N�
ho�2� tuple-shad��� � � � zH�]'gf��

wheretuple-shad�<��C �>�>� $@� is thetuple ��C with the �W�<� com-
ponentreplacedby $ .

Thetransformedconstraintsetin definiteform is
tuple-shad��� � i � �Xj%���
hki � �
hol��>�]'gf��
tuple-shad��� � l � ��nH���
hki � �
hol��>�]'gf��

In the examplesbelow we usethe componentforms of
inequalitiesasthey aresimpler.

A näıve methodfor solving our problemof a conjunc-
tion of disjunctionsof definite inequalitiesis to distribute
conjunctionoverdisjunctionto getadisjunctionof conjunc-
tions. Algorithm RM canbeusedto solve eachconjunction
of definiteinequalitiesindependentlyandthe derived solu-
tion setscanthenbeunionedtogetherto createthetotal so-
lution. However, this is very inefficient in general.

We now describea globalsearchalgorithmfor this prob-
lem that exploits the incrementalnatureof algorithmRM:
thesolutionto adefiniteconstraintset � canbeusedinstead
of s asthestartingpoint for thefixpoint iterationto find the
solution to � with an extra definiteconstraint. Eachnode
in theglobalsearchtreeconsistsof a solutionto a conjunc-
tiveproblemplusthesetof remainingdisjunctions.Thetop
nodeconsistsof thesolutionto theemptyproblem,s of the
semilattice,andthe initial problemasa setof disjunctions.
Childrennodesare incrementallyrefinedfrom their parent
by choosingoneremainingdisjunctionandcreatinga child
nodefor eachdisjunctby addingthedisjunctto theconjunc-
tive problemsolvedby theparentanditeratingto a fixpoint
usingalgorithmRM.

Constraintpropagation is usedto eagerlyreducethesize
of remainingdisjunct sets,pruning the spacewhen a dis-
junct set becomesempty and incorporatingthe remaining
disjunctof a unarydisjunctioninto the currentconjunctive
problem. We adda r to the semilatticeandall its compo-
nentsto representthe spacebecomingemptywhich means
failure in the searchtree. Whenever propagation leadsto
any componentbecomingr , thenthewholespacebecomesr andthebranchcanbepruned.

We do not discussthechoiceof which disjunctsetto ex-
pandand what order to explore disjuncts,as conventional
considerationssuchas disjunct set size are applicable. In
thelargeschedulingproblemswehavefocusedon,thereare
a largenumberof very largedisjunctsets,so it is desirable
to representthemprocedurallyratherthanexplicitly.

In therestof thepaperweillustratetheprocessof deriving
a globalsearchalgorithmby applyingit to anexample.The
stepsare:

1. Specifyproblemto besolved.

2. Derivereformulationinto disjunctionsof definiteinequal-
ities.

3. Generatecodefor splittingsolutionspaces.

4. Generateconstraintpropagationcode.

5. Generatecode for extracting solutions for the original
problem.

All stepsaftertheproblemspecificationareperformedau-
tomaticallyby theKIDS system.

Simple SchedulingExample
Wedescribeasimpletransportationschedulingproblemthat
includesessentialfeaturesfoundin ourrealschedulingprob-
lems.3

Theinput is asetof MVRs, whereanMVR is aMoVement
Requirement—a descriptionof cargo thathasto bemoved.
In this simpleversionan MVR includesinformationabout
whenthecargo is availableto bemoved(release-time) and
by whenit mustarrive (due-time).

We have a singletransportationresourceto bescheduled
(e.g. a plane),so a scheduleis a singlesequenceof trips.
Eachtrip hasa start time and a set of MVRs it hasbeen
assignedto fulfill: �UwU��#U� � � ��h trip-startis thestarttime of the�W�<� trip in schedule�Zw&�%#U� , and �Zw&�%#U�%� � ��h trip-MVRs is the
manifestof the ���<� trip in �Zw&�%#U� —the MVRs assignedto
thattrip.

Figure2 givesan exampleof a schedulingproblemand
a solutionschedule.The release-times anddue-times of the
fiveMVRs(labelledfor convenientreference� , � , w , � and # )
to bescheduledareplottedabove thetime axis(thevertical
axishasno meaning)anda solutionscheduleconsistingof
threetrips is plottedbeneathit. Trips 1 and2 start at the
earliestpossibletime (given their manifests)whereastrip 3
startssomewhat later thantheearliestpossibletime. There
aremany similar solutionscheduleswith slight shifts in the
starttimes.

Thespecificationof valid schedulesis

definitionvalid-schedules����� �J�����S��&��� !�¡�¢ all-MVRs-scheduled�����H�J� � �&�X� !�¡��/ MVRs-ready�£����� !�¡��/ MVRs-due�£�&��� !�¡%�/ trip-separations�£�&��� !�¡%��T
Every MVR hasto bescheduledonsometrip4.

3The problem is simplified to the extent that it is not NP-
complete. Adding capacityboundswould be sufficient to make
findinga feasiblesolutionNP-complete.

4This constraintdoesnot precludeanMVR from appearingon
morethanonetrip, but thederivedalgorithmdoesnot try to make
a constrainttrueif it alreadyis true,soit doesnot put anMVR on
anothertrip if it is alreadyon one.
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Figure2: SchedulingProblemandSolution

definitionall-MVRs-scheduled����� �J� � �&��� !�¡����( �£®5	����H�
��£® � ���H�D�13¯H�£�>���£� � S�°±hohm��� 6 !��£�&��� !�¡���T / ® � �&�X� !�¡@�£�>��h trip-MVRs �>�
A trip cannotstartuntil after the releasedatesof all the

MVRs assignedto it.

definitionMVRs-r eady�£�&�X� !�¡����( �£�]	�²�³%´ � ®5	 ���H�
��£� � S,°©hoho��� 6 !,�£����� !�¡���T / ® � �&��� !�¡d�£�µ��h trip-MVRs1 release-time�£®.� Y ����� !�¡@�£�>��h trip-start�
A trip mustcompletebeforeall theduedatesof theMVRs

assignedto it.

definitionMVRs-due �£�&��� !�¡����( �£�]	�²�³%´ � ®5	 ���H�
��£� � S,°©hoho��� 6 !,�£����� !�¡���T / ® � �&��� !�¡d�£�µ��h trip-MVRs1 due-time�£®���¶�¡©· ¸�¹±´<��º©³L»��&�X� !�¡@�£�>��h trip-start�
Typically thedurationis a functionof thepropertiesof a

trip, but this haslittle effect on thederivationsin this paper
sowemake it aconstantfor simplicity.

A trip cannotbegin until theprevioustrip hasended.

definitiontrip-separations �£�&�X� !�¡��?�( �£�]	�²�³%´���£� � S,°©hoho��� 6 !,�£����� !�¡��X¶8°©T1¼����� !�¡@�£�>��h trip-start ª�¡©·�¸�¹±´<�Wº©³Y �&�X� !�¡@�£�>ªp°���h trip-start�
Again, typically thereis a gap betweenthe end of one

trip andthe beginning of the next, but our derivationsonly
dependon thelackof overlapamongtrips.

Reformulation of Constraints
The schedulingconstraintsare not disjunctive definite in-
equalitiesas specified. The most fundamentalproblemis
that they give bothupperandlower boundson thetrip-start
componentof trips. In otherwords,thefull latticestructure
of time is beingused.We addressthis problemby consid-
eringthelatticeastwo semilattices,onefor increasingtime
andtheotherfor decreasingtime. Weintroducecomponents
for greatestlower bound(earliest-trip-start)andleastupper
bound(latest-trip-start).Thesearerelatedto trip-start:�dh earliest-trip-startY �@h trip-start Y �@h latest-trip-start

From thesebounds,we can infer versionsof the con-
straintsthathave theform of definiteinequalities,giving us
a reformulatedproblem.

Figure3 shows the reformulatedversionof the problem
given in Figure2 with its solution. The Figure2 solution
canbeextractedby takingtheearlieststartandfinish times
of the first two trips anda slightly later time for the third
trip. The earliest-trip-startof trips 1 and2 is the sameas
the release-timeof MVRs � and � respectively, becauseof
the MVRs-r eady constraint. The earliest-trip-startof trip
3 is the sameas the earliestfinish time of trip 2 which is
later than the release-timeof MVR # becauseof the trip-
separationsconstraint.Similarly, the latesttrip finish time
of trips2 and3 is thesameasthedue-timeof MVRs w and #
respectively, becauseof the MVRs-due constraint,andthe
latesttrip finish time of trip 1 is thesameasthe latest-trip-
start of trip 2 becauseof the trip-separations constraint.
The latest-trip-startof a trip is its latesttrip finish lessdu-
ration.

The reformulatedproblem has only one solution for a
given assignmentof MVRs to trip-MVRS. All solutionsto
the original problemcanbe extractedfrom the solution to



the reformulatedproblem. Not all valuesselectedfrom the
ranges½ arecompatible,for examplechoosingthelatest-trip-
startfor trip 1 andtheearliest-trip-startfor trip 2 is incom-
patiblewith thetrip-separations constraint.However, there
is at leastone solution for any trip-start chosenfrom the
rangeof earliest-trip-startandlatest-trip-start.

Hereis asimplifiedtreatmentof theinferencefor thedef-
inition of MVRs-r eady. Ignoringtheantecedentandincor-
poratingtheboundson trip-start,weessentiallyhave( �£�]	�²�³%´ � ®5	 ���H�
��£�&��� !�¡@�£�>��h earliest-trip-startY �&��� !�¡@�£�>��h trip-start1 release-time�£®.� Y ����� !�¡@�£�>��h trip-start�

thenusingthegenerallaw( � 6 ����¹ Y*6 1¿¾ Y*6 �À�Á¾ Y ¹
weobtaintheequivalentexpression( �£�]	�²�³%´ � ®5	 ���H�
�
release-time�£®�� Y �&�X� !�¡@�£�>��h earliest-trip-start

Using a generalizedversion of this key step, MVRs-
readyandMVRs-due areeasilyreformulatedto theequiv-
alentdefiniteinequalities
definitionMVRs-r eadyÂ��£�&�X� !�¡����( �£�]	�²�³%´ � ®5	 ���H�
��£� � S,°©hoho��� 6 !,�£����� !�¡���T / ® � �&��� !�¡d�£�µ��h trip-MVRs1 release-time�£®.� Y ����� !�¡@�£�>��h earliest-trip-start�
definitionMVRs-dueÂ��£�&�X� !�¡����( �£�]	�²�³%´ � ®5	 ���H�
��£� � S,°©hoho��� 6 !,�£����� !�¡���T / ® � �&��� !�¡d�£�µ��h trip-MVRs1 due-time�£®���¶�¡©· ¸�¹±´<��º©³»��&�X� !�¡@�£�>��h latest-trip-start�

Theconstrainttrip-separations is reformulatedin a sim-
ilar mannerexceptthatwe obtaintwo constraintsbecauseit
can be usedto get lower boundson �Zw&�%#U� � � ªp°���h trip-start
and upper boundson �Zw&�%#U�%� � ��h trip-start. Again ignoring
theantecedentandincorporatingthebounds,we essentially
have( �£�]	�²�³%´ � ®5	 ���H�
� ( �£�&��� !�¡4	������ !�¡©· Ãm!©��£�&��� !�¡@�£�>��h earliest-trip-startY �&��� !�¡@�£�>��h trip-startY �&��� !�¡@�£�>��h latest-trip-start1¼����� !�¡@�£�>��h trip-start ª�¡©·�¸�¹±´<�Wº©³Y �&�X� !�¡@�£�>ªp°���h trip-start�
thenwe canusemonotonicityof Y on eitheroccurrenceof
trip-start. Here we apply monotonicity to the first occur-
rence:( �£�]	�²�³%´ � ®5	 ���H�
� ( �£�&��� !�¡4	������ !�¡©· Ãm!©��£�&�X� !�¡@�£�>��h earliest-trip-startY �&�X� !�¡@�£�>��h trip-start1¼����� !�¡@�£�>��h trip-start ª�¡©·�¸�¹±´<�Wº©³Y �&�X� !�¡@�£�>ªp°���h trip-start�
�d1 � monotonicity�
( �£�]	�²�³%´ � ®5	 ���H�
� ( �£�&��� !�¡4	������ !�¡©· Ãm!©��£�&�X� !�¡@�£�>��h earliest-trip-startY �&�X� !�¡@�£�>��h trip-start1¼����� !�¡@�£�>��h earliest-trip-startª�¡©·�¸�¹±´<�Wº©³Y �&�X� !�¡@�£�>ªp°���h trip-start�
Ä 1 � usingthelaw

( � 6 ��� 6�Y ¹�1 6�Y ¾��À�Á¹ Y ¾��

( �£�]	�²�³%´ � ®5	 ���H�
��&��� !�¡@�£�>��h earliest-trip-startª�¡©·�¸�¹±´<�Wº©³Y �&��� !�¡@�£�>ªp°���h earliest-trip-start

The final result is shown below, after we do somenor-
malization,introducinga variable � for the z expressionof
the definite inequality. This reducesthe casesthat needto
beconsideredwhenderiving specializedconstraints(asde-
scribedin thenext section).
definitiontrip-separations-ets�£�&��� !�¡%���( �£�]	�²�³%´ � ´A	�Åc�k®q!©��£� � S,°©hoho��� 6 !,�£����� !�¡��X¶8°©T/ ´?�Æ�&�X� !�¡@�£�>��h earliest-trip-startª�¡©·�¸�¹±´<��º©³1Ç´ Y �&�X� !�¡@�£�>ªp°���h earliest-trip-start�

An analogousderivation stemmingfrom applicationof
monotonicityto the secondoccurrenceof trip-start results
in
definitiontrip-separations-lts �£�&�X� !�¡����( �£�]	�²�³%´ � ´A	�Åc�k®q!©��£� � S,°©hoho��� 6 !,�£����� !�¡��X¶8°©T/ ´?�Æ�&�X� !�¡@�£�>ªp°���h latest-trip-start¶*¡©·�¸�¹±´<�Wº©³1Ç´A»��&�X� !�¡@�£�>��h latest-trip-start�

GeneratingSplitting Code
The all-MVRs-scheduled constraintprovides the disjunc-
tion thatleadsto theglobalsearchsplitting.( �£®5	����H�
��£® � ���H�D�13¯H�£�>���£� � S�°±hohm��� 6 !��£�&��� !�¡���T / ® � �&�X� !�¡@�£�>��h trip-MVRs �>�

This is not in theform of a setof disjunctionsof definite
inequalities.However, it is equivalentto theform
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which is an indexed conjunctionof disjunctionsof definite
inequalitiesin the meet semilatticeof setswith union as
meetfor thetrip-MVRs componentof a trip.

Thusfor every MVR thereis a disjunctionconsistingof
theMVR beingonany oneof thetripsof theschedule.How-
ever, thenumberof trips is not known in advance.At each
point in the elaborationof the searchtree,the MVR could
be addedto an existing trip or a new trip could be created
andtheMVR addedto it. Thustherearetwo kindsof incre-
mentalrefinementto thesolutionspace:addinganMVR to
a trip andaddinganew emptytrip (to whichwethenaddan
MVR).

Thesetwo basicrefinementscanbeexpressed:�&�X� !�¡ Â �£�µ��h trip-MVRs �Æ�&��� !�¡@�£�>��h trip-MVRs \ S�®)T�&�X� !�¡ Â �"¹�Û�Û�!�³H¡@�£�&�X� !�¡ � ´<¸X� Û�Ü?� � append-new-trip�
where �Zw&�%#U� is the solutionspaceof schedulesbeforethe
refinement,�Zw&��#Z� Â is the solutionspaceof schedulesafter
the refinement,and �_¬ � CHÜ is the empty trip, the bottomof
thesemilatticeof trips5.

5For completenessit is necessaryto alsoconsiderthenew trip
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Figure3: ReformulatedSchedulingProblemSolution

To usetheserefinementsit is convenientto have themin
theform � Â �������8� . Thesecondis alreadyin this form; the
first canbeconvertedto�&�X� !�¡ Â � update-trip-MVRs �� seq-shad�£����� !�¡ � � �

tuple-shad�£�&�X� !�¡@�£�>� � trip-MVRs ��&��� !�¡@�£�>��h trip-MVRs \ S�®)T©�>�
whereseq-shad�W� �>�>� $@� is equalto sequence� exceptthatat
index � its valueis $ .

SpecializedConstraint PropagationCode
Theconstraintsarestill not in theform of definiteinequali-
ties.Apart from all-MVRs-scheduledthey have theform( �<$@���ßC���� � $@��1à$�'Q�8��h

However this is equivalentto eitherof theforms
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whicharedefiniteinequalitiesprovidedthat C is monotonic,
which is thecasefor ourexamples.

beinginsertedinto thesequence,but to reducethesearchspacewe
just considertheappendcase.As we scheduleMVRs in orderof
duedate,this incompletenesshasnot proved to be a problemin
practice.

Our derivationof propagationcodeworkswith thequan-
tified implicationform, thepropagationbeingforwardinfer-
ence. After every refinementonecould re-evaluateall the
boundsfrom scratchbut for efficiency it is desirableto spe-
cializetheconstraintto theparticularrefinement.Weexploit
thepropertiesthattheconstraintwastruein thepreviousso-
lution spaceandthatwe have just madean incrementalre-
finementof this space.

We generatea procedurefor eachdifferentkind of incre-
mentalrefinementto the solution space(suchas append-
new-trip andupdate-trip-MVRs ) andincludein eachpro-
cedureconstraintcheckingandpropagationcodethatis spe-
cializedto theparticularincrementalrefinement.For exam-
ple, whenappendinga new trip to the endof the sequence
of trips, theearlieststarttimeof thenew trip maybedepen-
denton the earlieststart time of the previous trip, whereas
thelateststarttimeof thenew trip mayaffect thelateststart
time of theprevioustrip. Our concernin this sectionis how
to derivesuchdependenciesautomatically.

Firstwedescribeanabstractversionof thederivations.In
thenext subsectionwe give a detailedderivationof special-
izing a particularconstraint,andthenwe give brief deriva-
tionsof specializationof theotherconstraints.

Consideran incrementalrefinementto � by somefunc-
tion å :� Â ��æ@���D� �£�&º���'*� Â �

anda definiteconstraintç on � givenby
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e assumethat the constraint ç is true for the initial
space� andwe want it to be true in the refinedspace� Â .çq���8� is true if for all $ , C���� � $@� is falseor $�'ê� is true.
In the latter casewe have simply that $*'ê� Â by transitiv-
ity, so we canuse � asan initial approximationof � Â . To
find additionalvaluesof $ thatbelongin � Â we assumethe
former case:we simplify çq��� Â � underthe assumptionthatC���� � $@� is false. We call this simplified çq��� Â � the residual
constraintfor ç giventherefinement.

For thecommoncasewhereC is a conjunction,this does
not work well in practicebecausethenegation is a disjunc-
tion which is difficult to usein simplification. Insteadwe
treateachconjunctseparatelyandcombinetheresultsasfol-
lows: if C���� � $@�ë�K�ßCcaU��� � $@� / C b7��� � $@�>� andtheresiduals
for Cda���� � $@� andC b7��� � $@� are �Ha���� � $@� and �%b±��� � $@� respec-
tively thenthefull residualconstraintis( ��� �N�£�,j%��� � � � / Û%nH��� Â � �H��1:�)'*� Â �/ ( ��� �N��ÛHj%��� Â � � � / �7nH��� � � ��13�.'*� Â �

If a constraintis unaffected by the refinementthen its
residualis false.

SpecializingMVRs-r eadyì
We now usethis derivation schemeto derive the residual
constraintfor MVRs-r eadyÂ :( �£�]	�²�³%´ � ®5	 ���H�
��£� � S,°©hoho��� 6 !,�£����� !�¡���T / ® � �&��� !�¡d�£�µ��h trip-MVRs1 release-time�£®.� Y ����� !�¡@�£�>��h earliest-trip-start�

giventheupdate-trip-MVRs refinement�&�X� !�¡ Â � update-trip-MVRs Â �� seq-shad�£����� !�¡ � �kí �
tuple-shad�£�&�X� !�¡@�£�kí�� � trip-MVRs ��&��� !�¡@�£��í&��h trip-MVRs \ S�®�íUT±�>�

Thevariablesaresubscriptedwith a w to avoid namecon-
flict in the derivation andto emphasizethat in this context
they havealreadybeenboundto particularvalues.

Theresidualfor theconjunct� � S�°±hohî� �_ï #����Zw&�%#U����T is false
because� �_ï #,���UwU��#U� Â � simplifiesto � �£ï #����Zw&�%#U� � asseq-shad
doesnot affect thesizeof thesequence.

Now we focuson thesecondconjunct,® � �&�X� !�¡ Â �£�>��h trip-MVRs

simplifying it undertheassumption:® � �&�X� !�¡@�£�>��h trip-MVRs �ð�&¹±Ãñ�&!ò� negation-assumption�
Werequirethefollowing rules: � seq-shad-application�

seq-shad� t-� � � � ���ßó ��� if �?��ó then � else t �ßó �
tuple-shad��� � � ��+ ��h ��� + � tuple-shad-deref�
� if � then + else��¹±Ãî��!©�?�
��� /9+ � � if-then-else-false�

Thesimplificationgoes:® � �&��� !�¡ Â �£�>��h trip-MVRsS substituteupdate-trip-MVRs Â T�Æ® � seq-shad�£����� !�¡ � �kí �
tuple-shad�£�&�X� !�¡@�£�kí�� � trip-MVRs ��&�X� !�¡@�£�kí&��h trip-MVRs \ S�®�íUT±�>�

�£�>��h trip-MVRsS seq-shad-applicationT�Æ® � � if ���Æ�kí
then tuple-shad�£�&�X� !�¡@�£�kí&� � trip-MVRs ��&��� !�¡@�£��í&��h trip-MVRs \ S�®�íUT±�
else �&��� !�¡d�£�µ�>��h trip-MVRs�S move if to top-level thenusetuple-shad-deref T� if ���Æ�kí then ® � �&��� !�¡d�£��í&��h trip-MVRs \ S�®IíUT

else ® � �&��� !�¡@�£�>��h trip-MVRsS negation-assumptionandif-then-else-falseT�
�£���Æ�kí / ® � ����� !�¡@�£�kí&��h trip-MVRs \ S�®�íUT±�S distribute � over \ T�
�£���Æ�kí / �£® � ����� !�¡@�£�kí&��h trip-MVRs ` ® � S�®�íUT±�>�S negation-assumptionandsimplificationT�
�£���Æ�kí / ®K�Æ®�í&�
Thefull residualconstraintbecomes,aftersimplification:
release-time�£®Ií&� Y �&��� !�¡ Â �£�kí&��h earliest-trip-start

Theproceduralizationof this residualis
if ô release-time�£®�í&� Y �&��� !�¡ Â �£�kí&��h earliest-trip-start
then �&�X� !�¡@�£�kí&��h earliest-trip-startõ release-time�£®�í&�
Thuswehavea third incrementalrefinementgivenby the

equation�&�X� !�¡ Â � update-earliest-start�� seq-shad�£����� !�¡ � �kí �
tuple-shad�£�&�X� !�¡@�£�kí�� � earliest-trip-start� ´<í&�>�

wheretherefinementhasbeenabstractedby introducingthe
variable� Ö for release-time�<Ú Ö � .
Specializingtrip-separations-ets
Now weconsiderspecializingthetrip-separations-etscon-
straint.( �£�]	�²�³%´ � ´A	�Åc�k®q!©��£� � S,°©hoho��� 6 !,�£����� !�¡��X¶8°©T/ ´?�Æ�&�X� !�¡@�£�>��h earliest-trip-startª�¡©·�¸�¹±´<��º©³1Ç´ Y �&�X� !�¡@�£�>ªp°���h earliest-trip-start�

It is only affected by append-new-trip and update-
earliest-start.

Considerappend-new-trip. Theresidualfor thefirst con-
junct, �d� S,°©hohß� �£ï #����Zw&�%#U� �X¶8°©T is � �
� �_ï #����Zw&�%#U� � . Thefull
residualconstraintbecomes,aftersimplification:�&�X� !�¡@�£��� 6 !��£�&��� !�¡��>��h earliest-trip-startª�¡©·�¸�¹±´<�Wº©³Y �&��� !�¡ Â �£��� 6 !,�£�&�X� !�¡��>ªI°���h earliest-trip-start

Theresidualfor thesecondconjunct´?�Æ�&��� !�¡d�£�µ��h earliest-trip-startª�¡©· ¸�¹±´<�Wº©³
is���Æ��� 6 !��£�&��� !�¡��dªG°/ ´?�u´<¸X�ñÛ�Ü]h earliest-trip-startª�¡©· ¸�¹±´<��º©³
but thefull residualconstraintsimplifiesto falsebecausethe
first conjunctbecomes�%� S,°©hohß� �£ï #����Zw&�%#U� ��T which is incon-
sistentwith � ��� �£ï #����Zw&�%#U� �dª*° .

Theresidualfrom thefirst conjuncthasthesameform as
update-earliest-startsowe canreusethe samerefinement
procedure,althoughpassingdifferentarguments.

Now we considerthe effect of update-earliest-start on
trip-separations-ets.



Theresidualfor thefirst conjunctis falsebecausethesize
of the

�
scheduleis unaffected. The residualfor the second

conjunctis � � � Ö / �ë�u� Ö ªQ��«%¬ � � �_­ � . Thefull residual
constraintbecomes,aftersimplification:�kíDö���� 6 !,�£�&�X� !�¡��1Ç´<í?ª�¡©· ¸�¹±´<��º©³ Y ����� !�¡ Â �£��í&ªI°���h earliest-trip-start

Again, exceptfor theconditional,this hasthesameform
asupdate-earliest-startsothesameprocedurecanbeused.
The complete refinementprocedurefor update-earliest-
start is asfollows:÷_ø�ù�ú±û�ükýHù

update-earliest-start�£�kí � ´<í � �&�X� !�¡����
if ´<í Y �&��� !�¡d�£��í&��h earliest-trip-start
then �&�X� !�¡ % Old boundis tighter

elseif ôA´<í Y �&��� !�¡d�£��í&��h latest-trip-start
then r % Fail becauseearliestis after latest

else % Performupdateandpropagate
let �£����� !�¡ Â �

seq-shad�£�&�X� !�¡ � ��í �
tuple-shad�£�&�X� !�¡@�£�kí�� � earliest-trip-start� ´<íU�>�>�

if ��íJö���� 6 !,�£�&��� !�¡%�
then update-earliest-start�£��í?ª*° � ´<í�ª�¡©·�¸�¹±´<��º©³ � �&�X� !�¡ Â �
else �&��� !�¡ Â
The specializationof trip-separations-lts is similar to

thatof trip-separations-ets.

Summary of GeneratedPropagationCode
Thebasicsearchroutinegeneratesnew subspacesby callsto
append-new-trip andupdate-trip-MVRs . Theformerhas
a call to update-earliest-startwhich initializestheearliest-
startof thenew trip basedontheearlieststartof theprevious
trip. update-trip-MVRs hascalls to update-earliest-start
and update-latest-start basedrespectively on the release-
time and due-time of the MVR being added. update-
earliest-start is a linear recursionthatpropagatesa change
to the earliest-startof a trip to earliest-startsof subsequent
trips until onedoesnot needto beupdatedbecausethesep-
arationis alreadyadequate.update-latest-start is similar,
but propagatesfrom the latest-startof a trip to latest-starts
of previoustrips until onedoesnot needto beupdated.

This propagation codeis very efficient, performingvery
few unnecessarytests. It is alsospace-efficient asthe con-
straintsarerepresentedprocedurally, andthesolutionspaces
are representedintensionallyby bounds. We have useda
depth-firstpropagationcontrol-structurebecausethedepen-
dency structurefor this problem is a tree. In general,a
breadth-firstcontrol structureis necessaryto avoid unnec-
essarywork whentheconstraintinteractionsaremorecom-
plicated.

Extracting a Solution
For this problemthe extractionprocessis straightforward.
The only issueis extractingvalid trip-startsgiven earliest-
and latest-trip-starts. One cannotarbitrarily chooseval-
ues from the intervals to get a valid schedule. For ex-
ample,choosingthe latest-trip-startfrom one trip and the
earliest-trip-startfrom the next trip will likely violate the
trip-separation constraint. Always choosingthe earliest-
trip-startsor always choosingthe latest-trip-startsgives a

valid schedule. A more flexible strategy is to choosea
trip-startbetweentheearliest-andlatest-trip-startsfor some
trip, then call the proceduresupdate-earliest-start and
update-latest-startwith the chosenvalue,so that the con-
sequencesof the choicearepropagated. Thenthis choose-
and-propagateprocesscanberepeatedfor othertrips until a
trip-starthasbeenchosenfor eachtrip.

In general,it is possiblethat thereis no valid solutionto
theoriginalproblemwithin anon-emptyvalid subspace(one
thatsatisfiesthe transformedproblem). If a singlesolution
is requiredthenonemustenumeratevalid subspacesuntil
one is found that hasat leastoneextractiblesolutions. If
all solutionsare requiredthenall valid subspacesmustbe
enumerated.If a minimal cost solution is requiredthena
similarenumerationis necessaryexceptwecanaddthecon-
straintthatthecostof a solutionhasto belessthanthecost
of thecurrentbestsolution.

RelatedWork
Mackworth (Mackworth 1992) gives a characterizationof
constraint-satisfactionproblemsin relationto variouslogi-
calrepresentationandreasoningsystemssuchasHornFirst-
Order PredicateCalculusand ConstraintLogic Programs.
Our systemdoesnot fit within his framework. Our work,
alongwith thatof RehofandMogensen,suggeststheaddi-
tion of an extra dimensionto the framework in which the
booleanlatticeis generalizedto anarbitrarylattice.

Our problemreformulationof replacingtrip-startby up-
perandlowerboundsontrip-startis similarto work thatuses
interval techniques(Van Hentenryck,McAllester, & Ka-
pur1995;Benhamou,McAllester, & VanHentenryck1994;
Hyvnen 1992). Our framework can be seenas a general-
izationof theseapproachesto work with arbitrarykinds of
bounds.

Our modelof constraintpropagationgeneralizesthecon-
ceptsof cuttingplanesin theOperationsResearchliterature
(Nemhauser& Wolsey 1988)andthe formsof propagation
studiedin the constraintsatisfaction literature (e.g. (Van
Hentenryck1989)).Ouruseof fixed-pointiterationfor con-
straintpropagationis similar to Paige’s work on fixed-point
iteration in RAPTS(Cai & Paige1989). The main differ-
encesare(1) RAPTSexpectsthe userto supplythemono-
tonefunctionaspartof the initial specificationwhereaswe
derive it from a moreabstractstatementof theproblem;(2)
RAPTSinstantiatesa straightforward iterationschemeand
then performsoptimizations. Suchan approachwould be
too inefficient for schedulingapplications,soweusedepen-
denceanalysisto generatecodethat is specificto the con-
straint systemat hand. RAPTS usesfinite differencingin
orderto make the iterationincremental.We have incorpo-
ratedthis into our framework andusedit in morecomplex
schedulingproblems.

Discussionand Further Work
The main focus of our work hasbeenon the synthesisof
high-performanceconstraint-solvingcodes– someof the
schedulersthatwehavesynthesizedusingKIDS runseveral
ordersof magnitudefasterthanmanuallywrittenschedulers



for the sameproblem. We believe that the speedis dueto
the specializedþ representationof constraintsandthe ability
to optimizethepropagationcodesat designtime. We have
usedKIDS to synthesizeavarietyof schedulingapplications
includingITAS (atheaterairlift scheduler)(M.H.Burstein&
Smith1996)andtheCAMPSMissionPlanner(Emerson&
Burstein1999)which plansstrategic airlift missionsfor the
Air Mobility CommandatScottAFB. Thespeedof thegen-
eratedschedulingalgorithm hasallowed us to tackle very
complex constraintsystems.For example,theCAMPSMis-
sion Plannerinvolves the routine schedulingof thousands
of airlift missions,andthe simultaneoushandlingof many
classesof resource:aircraftandtheir configurations,crews
andtheir duty days,fuel, parkingcapacityat ports,working
andthroughputcapacityatports,runwayevents,andothers.
Aircraft, crewsandportseachhavemany capacityandusage
constraintsthatmustbemodeled.Every time a scheduling
decisionis made,it is propagatedthroughtheconstraintnet-
work to decideif it entailsany inconsistency.

We have describedour work asa generalizationof var-
ious frameworks. Theseframeworks have beendeveloped
in moredepththanoursso therearemany opportunitiesto
seehow ideasdevelopedin theseframeworkscanbecarried
over. Our focushasbeenmainly on schedulingalgorithms.
We have looked briefly at problemssuchas integer linear
programming,but not sufficiently to make a goodestimate
of theirpotentialcomparedto othermethods.Working from
suchamodelis unlikely to givethebestresultsasthesemod-
els captureinformation in a very limited lattice structure.
Frequentlyproblemsmustbereformulatedto get theminto
theform requiredby thesegeneralmethods.Working from
theoriginal problemwe maybeableto capturemoreof its
structurein latticesandso get a smallersearchspace.On
theotherhand,it maybepossibleto recover latticestructure
informationfrom analysisof anintegerlinearprogramming
problemspecification.

Our framework is not directly applicableto incremental
reschedulingif constraintsaredeletedaswell asadded.A
possibleway to handletheremoval of a constraintis to fol-
low dependenciesof the deletedconstraintsto seewhich
valuesmay have dependedon them. Thesevaluescanbe
relaxed so that the spaceis large enoughto find a solution
whenthenew constraintsareadded.
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