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Intr oduction

Software synthesids the processof transforminga formal
problemspecificationinto softwarethatis efficientandcor
rect by construction. We have usedKIDS (KestrelInter-
active DevelopmentSystem)over the last ten yearsto syn-
thesizevery efficient programsfor a variety of scheduling
problems(Smith, Parra, & Westfold 1996; Smith & West-
fold 1995; M.H.Burstein& Smith 1996). The efficiency
of theseschedulerssystemis basedon the synthesisof
specializedconstraintmanagementodefor achieving arc-
consisteng. Previous systemdor performingschedulingn
Al (e.g. (Fox & Smith 1984;Fox, Sadeh& Baykan1989;
Smith, Fox, & Ow 1986;Smith 1989))and OperationsRe-
search{Applegate& Cook1991;Luenbeger1989)usecon-
straintrepresentationand operationghat are gearedfor a
broadclassof problemssuchasconstrainsatisactionprob-
lemsor linear programs. In contrast,synthesigechniques
canderive specializedepresentationfor constraintandre-
lateddata,andalsoderive efficient specializedodefor con-
straintcheckingandconstraintpropagtion. Synthesigech-
nology allows us to specializethe codeby exploiting both
problem-independerknowledge(theoryof linearprogram-
ming, finite domainsgtc.) aswell asproblem-specifiénfor-
mationobtainedrom the problemspecification.

In this papemwe focuson theunderlyingideasthatleadto
the efficiencgy of our synthesizedschedulingprogramsand
explore their generality Our constraintsatisaction algo-
rithms fall into the classof global search algorithms. We
have explored this classin more depth elsavhere (Smith
1987;Smith & Westfold1995). Herewe focuson a formu-
lation that usespointsin a semilatticeto represensolution
spacesThis semilatticeframenork naturallyallows for het-
erogeneousariables(variablesof differenttypes),multiple
constrainton eachvariable,indexed variables,conditional
constraintandadynamicsetof variables.

The basicidea of global searchis to representand ma-
nipulatesetsof candidatesolutionsor solutionspaces The
principal operationsareto extract candidatesolutionsfrom
a solution spaceandto split a spaceinto subspaces.De-
rived operationgnclude (1) filters which are usedto elimi-
natespacesontainingno feasibleor optimal solutions,and
(2) cuttingconstaintsthatareusedo eliminatenon-feasible
elementdrom a spaceof candidatesolutions.Globalsearch
algorithmswork asfollows: startingfrom an initial space
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Figurel: PruningandConstraintPropagtion

that containsall solutionsto the given probleminstance,
the algorithm repeatedlysplits spacesinto subspaces—
refinementsf the space—eliminatesspacewia filters, and
contractsspacedy propagting cutting constraintauntil no
spacesemainto be split. The processs oftendescribedas
atree(or DAG) searchn whichanoderepresenta solution
spaceand an arc representghe split relationshipbetween
spaceand subspace The filters and constraintpropagtors
seneto pruneoff branche®f thetreethatcannoteadto so-
lutions. SeeFigure 1l which illustratesthe working of prun-
ing andconstrainfpropagtionon solutionspaces.

The key to the efficiency of global searchalgorithmsis
the reductionof the size of the searchspaceby an effec-
tive representationf solutionspaceghatallows constraint
propa@tionandpruningatthelevel of solutionspacesather



thanindividual concretesolutions.

Thereis acertainamountof freedomin theformulationof
solutionspacesWe have foundthatit is desirableo choose
aformulationwith a (meet)semilatticestructuré. A solu-
tion spaces representedy a pointin the semilatticewhich
is thegreatestower boundof thesolutionspace This struc-
turegivesyouthepropertythata solutionspaceor onecon-
straintcanbe combinedwith the solution spaceof another
constraint{usingthe meetoperation—!) to producethe so-
lution spaceor the conjunctionof thetwo constraints.

RehofandMogenserave shavn thatsatisfiabilityof sets
of definiteinequality constraintdnvolving monotonefunc-
tionsin afinite meetsemilatticecanbe decidedby alinear
time algorithm (Rehof& Mogensonl999)usinga fixpoint
iteration. Their notion of definiteinequalitygeneralizeshe
logical notion of Horn clausesfrom the two-point boolean
lattice of thetruth valuesto arbitraryfinite semilatticesOne
indicationof the power of this classis that arc consisteng
implies global consisteng. We referto the RehofandMo-
gensenalgorithm as algorithm RM. In CSPterms,a defi-
nite inequalityproblemhasthe desireablgropertythatarc-
consisteng implies globally consisteng. The RM algo-
rithm is a (hyper)arc-consisteryaalgorithm.

Ourwork canbeviewedasaddingdisjunctive constraints
to their framevork?. The disjunctsare handledprimarily
by a searchthat incrementallygenerategonjunctie prob-
lems that are solved efficiently using essentiallythe algo-
rithm RM.

Framework

We use the languageof first-order predicatecalculusfor
specification. A binary relation on a set.S is a subsetof
the productS x S. A function f from a setA to a setB,
written f: A — B, is asubsebf A x B suchthatfor each
ac A thereis exactlyonebe B with (a, b) e f. In thiscasewe
write f(a) = b. A definitionsof f is presentedsfollows:
definitionf(z) = e
wheree is anexpressiorthat may involve the variablez.
If the domainof f is itself a productthen f appliedto the
tuple (a, b) is written f(a, b).
Definition. A binaryrelationC definedon a setS is a
partial orderin thesetS if thefollowing conditionshold:
V(z)z Cx (reflexivity)
V(z,y) (zCyAyCz=2=y) (antisymmetry)
V(z,y,2) (zCyAyCz=2zCz) (transitivity)

A function f is monotonewith respecto the partialorder
if V(z,y) (# Cy = f(z) T f(y))-

Definition. Let C bea partialorderon S andT' a subset
of S. An elementp in S is a leastupperboundof T if
V(z) (xeT = z C p)andV(y) (ye SAV(z) (zeT =
z C y) = p C y). Similarly anelementp in S is agreatest

Thisis notalimiting restrictionasit is alwayspossibleto con-
vert an arbitrarydomaininto a lattice by lifting: addinga bottom
element.

20urwork wasindependentf thatof RehofandMogenserand
focusedonthedisjunctive aspect®f theproblemandthesynthesis
of constraint-solvingodes.

lowerboundof T'if V(z) (zeT = p C z) andV(y) (yeSA
V(z) (zeT = yCz)=yLp).

Definition. A setS with partial orderC is a meetsemi-
lattice iff every paira, b in S hasaleastupperbound.a LI b
(or L(a, b)) is definedto betheleastupperboundof {a, b}.
Similary; it is ajoin semilatticeiff every paira, b in S hasa
greatestowerbound,anda 1 b is definedto bethis greatest
lowerbound.lt is alatticeif it is bothameetsemilatticeand
ajoin semilattice.

Wereferto meetandjoin semilatticesisingthestructures
(S,C, L) and(S, C, M) andfull latticesusingthe structure
(S,C,L,M). Examplelattices are (Integer, <, max min),
(SetC,U,N), and the boolean lattice ({true, false}, =
SV, A).

Two semilattices(Sy, Cq,Lly) and (Sg, Co,Lls) canbe
combinedto make a productsemilattice(S; x Sz, C,, Li,)
where

definitionz T, y = (2.1 C; y.1 ANz.2 Ty y.2)
definitionz L, y = (2.1 LUy y.1,2.2 Ly y.2)

A semilattice(S,C, L) or (S,C,M) may have top (T)

and/orbottom(_L) elementsiefinedasfollows:
V(z) (zeS=2CT)
V(z) (zeS= 1L LCz)

The computationalsignificanceof the meet semilattice
structureis thatit allows two constraintson a variable X of
theforme; C X andep; C X, wherec; ande, areconstants
in alattice,to bereplacedy theequivalentsingleconstraint
s C X Wher603 =cy Uesa.

We follow the definitionsof RehofandMogenser(Rehof
& Mogensonl1999)in introducingthe conceptof definite
inequalities

Definition. An inequality is called definiteif it hasthe
form 7 C A, where A is anatom(a constanbr a variable)
andr is atermwhosefunctionsareall monotone.

Rehof and Mogensenshaved that satisfiability of a set
(conjunction)of definiteinequalitiescanbe decidedin lin-
eartime for a meetsemilatticedomain. For the two-point
booleanlattice this is exactly the satisfiability of proposi-
tionalHorn clausegHornSAT) problem(sinceHorn clauses
havetheform P; A ... A P, = @, whichis theinequality
P M...M P, C Q inthebooleanattice).

The problemwe are consideringin this paperis solving
sets(conjunctions)of disjunctionsof definite inequalities
over meetsemilattices.This problemis NP-completewith
propositionakatisfiability(SAT) asaninstance.

Althoughthe problemformulationallows ary numberof
variables,only oneis necessaryaswe canreplacen vari-
ableshy a singlevariablewhosevalueis the n-tuple of the
valuesof the n variables. The domainof the single vari-
ableis the productsemilatticeof the n semilatticesof the
domainsof the variables. This allows heterogenougrob-
lems,wherethevariabledomainsaredifferent,to behandled
in our framework. Similarly, dynamicproblemswherethe
numberof variablesconstrainedccanincreaseduring prob-
lem solving,canbe handledvia semilatticestructureon dy-
namicmapsandsequences.

For example, considerthe heterogeneouproblemwith
two semilattices(S1, Cq,L;) and (Sz, Co,Llp), and func-



tions fl : 81 xSy — 81 and f2 : 81 x Sy — S, with
the following two constraintson the variablesA4, : S; and
A2: SQ.
fi1(Az, Ag) B4 Ay
fo(Ar, Ap) Co Ag
Theseareequivalentto

f1 (AI, Ag) El AI
f2(A.1,A.2)C, A2

whereA = (4;, Az).

Thetransformedconstraintsetis notyetin definiteform
becauseheright-handsidesarenot A but they canbetrans-
formedusingthefollowing equivalencefor a productsemi-
lattice (S1 x Sz, Cp, Lip):

TC; Ai & tuple-shad4, i, 7) C, A

wheretuple-shadtp, i, z) is thetupletp with theit* com-
ponentreplacedy x.

Thetransformedtonstraintsetin definiteform is

tuple-shadl4, 1, f; (4.1, A.2)) C, A
tuple-shadl4, 2, fo(A.1, A.2)) C, A

In the examplesbelon we usethe componentforms of
inequalitiesasthey aresimpler

A naive methodfor solving our problemof a conjunc-
tion of disjunctionsof definite inequalitiesis to distribute
conjunctionover disjunctionto getadisjunctionof conjunc-
tions. Algorithm RM canbe usedto solve eachconjunction
of definiteinequalitiesindependenthandthe derived solu-
tion setscanthenbe unionedtogetherto createthe total so-
lution. However, thisis veryinefficientin general.

We now describea global searchalgorithmfor this prob-
lem that exploits the incrementalnatureof algorithm RM:
thesolutionto adefiniteconstrainsetS canbeusedinstead
of | asthestartingpointfor thefixpointiterationto find the
solutionto S with an extra definite constraint. Eachnode
in the global searchtree consistsof a solutionto a conjunc-
tive problemplusthe setof remainingdisjunctions.Thetop
nodeconsistof the solutionto theemptyproblem, | of the
semilattice,andtheinitial problemasa setof disjunctions.
Childrennodesareincrementallyrefinedfrom their parent
by choosingoneremainingdisjunctionandcreatinga child
nodefor eachdisjunctby addingthedisjunctto theconjunc-
tive problemsolved by the parentanditeratingto a fixpoint
usingalgorithmRM.

Constraintpropagtionis usedto eagerlyreducethe size
of remainingdisjunct sets, pruning the spacewhen a dis-
junct set becomesempty and incorporatingthe remaining
disjunctof a unarydisjunctioninto the currentconjunctive
problem. We adda T to the semilatticeandall its compo-
nentsto representhe spacebecomingemptywhich means
failure in the searchtree. Wheneer propagtion leadsto
ary componenbecomingT, thenthewhole spacebecomes
T andthebranchcanbepruned.

We do not discusgthe choiceof which disjunctsetto ex-
pandandwhat orderto explore disjuncts,as corventional
considerationsuchas disjunct setsize are applicable. In
thelargeschedulingoroblemswe have focusedon, thereare
alarge numberof very large disjunctsets,soit is desirable
to representhemprocedurallyratherthanexplicitly.

In therestof thepapemeillustratetheproces®f deriving
aglobalsearchalgorithmby applyingit to anexample.The
stepsare:

1. Specifyproblemto be solved.

2. Derivereformulationinto disjunctionsof definiteinequal-

ities.

3. Generateeodefor splitting solutionspaces.
4. Generateonstrainfpropagtioncode.
5. Generatecode for extracting solutionsfor the original

problem.

All stepsaftertheproblemspecificatiorareperformedau-
tomaticallyby the KIDS system.

Simple SchedulingExample

We describeasimpletransportatiorschedulingproblemthat
inclugesessentiaieaturesfoundin ourrealschedulingrob-
lems:

Theinputis asetof MVRs whereanMVR is aMo\ement
Requiement—a descriptionof cargo thathasto be moved.
In this simpleversionan MVR includesinformationabout
whenthe caigo is availableto be moved (release-timpand
by whenit mustarrive (due-time.

We have a singletransportatiorresourceo be scheduled
(e.g. aplane),so a schedulds a single sequencef trips.
Eachtrip hasa starttime and a setof MVRs it hasbeen
assignedo fulfill: sched(?).trip-startis the starttime of the
it* trip in schedulesched, and sched(i).trip-MVRs is the
manifestof the i** trip in sched—the MVRs assignedo
thattrip.

Figure 2 givesan exampleof a schedulingproblemand
asolutionschedule Therelease-timganddue-time of the
five MVRs (labelledfor corvenientreference, b, ¢, d ande)
to be scheduledareplottedabore thetime axis (the vertical
axis hasno meaning)anda solutionscheduleconsistingof
threetrips is plotted beneathit. Trips 1 and2 startat the
earliestpossibletime (giventheir manifests)whereadrip 3
startssomeavhat later thanthe earliestpossibletime. There
aremary similar solutionschedulesvith slight shiftsin the
starttimes.

The specificatiorof valid scheduless

definitionvalid-schedule§ M VRs) =
{sched | all-MVRs-schedule(iM VRs, sched)
A MVRs-ready sched)
A MVRs-du€sched)
A trip-separationched) }

Every MVR hasto be scheduledn sometrip®.

3The problemis simplified to the extent that it is not NP-
complete. Adding capacityboundswould be sufficient to make
finding afeasiblesolutionNP-complete.

“This constraintoesnot precludean MVR from appearingn
morethanonetrip, but the derived algorithmdoesnot try to make
aconstraintrueif it alreadyis true,soit doesnotputanMVR on
anothettrip if it is alreadyon one.
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definitionall-MVRs-scheduled M VRs, sched) =
VY(m : MVR)
(me MVRs
= 3(4)(ie{1..size(sched) } Amesched(i).trip-MVRS))

A trip cannotstartuntil after the releasedatesof all the
MVRs assignedo it.

definitionMVRs-r eady(sched) =
V(¢ : Int, m : MVR)
(3 e {1..size(sched)} A m € sched(3).trip-MVRs
= release-timém) < sched(z).trip-star)

A trip mustcompletebeforeall theduedatesof theMVRs
assignedo it.

definitionMVRs-due(sched) =
V(¢ : Int, m : MVR)
(i € {1..size(sched)} A m e sched(3).trip-MVRs
= due-timém) — duration > sched(1).trip-star)

Typically the durationis a function of the propertiesof a
trip, but this haslittle effect on the derivationsin this paper
sowe make it aconstanfor simplicity.

A trip cannotbegin until the previoustrip hasended.

definitiontrip-separations(sched) =
V(i : Int)
(i € {1..size(sched)—1}
= sched(t).trip-start+ duration
< sched(i+1).trip-stard

Again, typically thereis a gap betweenthe end of one
trip andthe beginning of the next, but our derivationsonly
dependonthelack of overlapamongtrips.

Reformulation of Constraints

The schedulingconstraintsare not disjunctive definite in-
equalitiesas specified. The most fundamentalproblemis
thatthey give bothupperandlower boundson the trip-start
componenbf trips. In otherwords,thefull lattice structure
of time is beingused. We addresghis problemby consid-
eringthe lattice astwo semilatticespnefor increasingime
andtheotherfor decreasingime. We introducecomponents
for greatestower bound(earliest-trip-startandleastupper
bound(latest-trip-start) Thesearerelatedto trip-start:

z.earliest-trip-starK z.trip-start< z.latest-trip-start

From thesebounds,we can infer versionsof the con-
straintsthathave the form of definiteinequalitiesgiving us
areformulatedoroblem.

Figure 3 shows the reformulatedversionof the problem
givenin Figure 2 with its solution. The Figure 2 solution
canbe extractedby takingthe earlieststartandfinish times
of the first two trips and a slightly later time for the third
trip. The earliest-trip-starof trips 1 and 2 is the sameas
therelease-timeof MVRs b andd respectiely, becausef
the MVRs-r eady constraint. The earliest-trip-starof trip
3 is the sameasthe earliestfinish time of trip 2 which is
later than the release-timeof MVR e becauseof the trip-
separationsconstraint.Similarly, the latesttrip finish time
of trips 2 and3 is thesameasthedue-timeof MVRs ¢ ande
respectiely, becausef the MVRs-due constraintandthe
latesttrip finish time of trip 1 is the sameasthe latest-trip-
start of trip 2 becauseof the trip-separations constraint.
The latest-trip-starf a trip is its latesttrip finish lessdu-
ration.

The reformulatedproblem has only one solution for a
givenassignmenbf MVRs to trip-MVRS. All solutionsto
the original problemcan be extractedfrom the solutionto



the reformulatedoroblem. Not all valuesselectedrom the
rangesarecompatible for examplechoosingthe latest-trip-
startfor trip 1 andthe earliest-trip-starfor trip 2 is incom-
patiblewith thetrip-separations constraintHowever, there
is at leastone solution for ary trip-start chosenfrom the
rangeof earliest-trip-starandlatest-trip-start.

Hereis asimplifiedtreatmenbf theinferencefor thedef-
inition of MVRs-r eady. Ignoringthe antecedenandincor-
poratingthe boundson trip-start,we essentiallyhave
V(i : Int, m : MVR)

(sched(7).earliest-trip-stark sched(4).trip-start
= release-timém) < sched(z).trip-star)

thenusingthe generalaw
Viz)(a<z=b<2z) =b<a
we obtainthe equivalentexpression
V(i : Int, m : MVR)
release-timém) < sched(z).earliest-trip-start
Using a generalizedversion of this key step, MVRs-

readyandMVRs-due areeasilyreformulatedo the equiv-
alentdefiniteinequalities

definitionMVRs-ready (sched) =
V(7 : Int, m : MVR)
(i e {1..size(sched)} A m e sched(3).trip-MVRs
= release-timém) < sched(7).earliest-trip-stait

definitionMVRs-du€’ (sched) =
V(i : Int, m : MVR)
(i e {1..size(sched)} A m € sched(3).trip-MVRs
= due-timém) — duration
> sched(1).latest-trip-stant
The constraintrip-separations is reformulatedn a sim-
ilar mannerexceptthatwe obtaintwo constraintdecauset
can be usedto get lower boundson sched(i+1).trip-start
and upperboundson sched(t).trip-start. Again ignoring
theantecedenandincorporatingthe boundswe essentially
have

V(i : Int, m : MVR) V(sched : schedule)
(sched(7).earliest-trip-starK sched(4).trip-start
< sched(1).latest-trip-start
= sched(i).trip-start+ duration
< sched(i+1).trip-stard

thenwe canusemonotonicityof < on eitheroccurrenceof
trip-start. Here we apply monotonicityto the first occur
rence:

V(i : Int, m : MVR) V(sched : schedule)

(sched(7).earliest-trip-star sched(4).trip-start
= sched(i).trip-start+ duration
< sched(i+1).trip-stard

= (monotonicity)
V(i : Int, m : MVR) ¥(sched : schedule)
(sched(7).earliest-trip-star sched(4).trip-start
= sched(t).earliest-trip-start- duration
< sched(i+1).trip-star)

= (usingthelaw ¥(2)(z < a =2 < b) = a <b)

V(i : Int, m : MVR)
sched(1).earliest-trip-star- duration
< sched(i+1).earliest-trip-start

The final resultis shavn below, after we do somenor-
malization,introducinga variablet for the r expressionof
the definiteinequality This reduceghe caseghat needto
be consideredvhenderiing specializecconstraint{asde-
scribedin the next section).

definitiontrip-separations-ety sched) =
V(i : Int, t : Time)
(i € {1..size(sched)—1}
A t = sched(i).earliest-trip-start+ duration
= t < sched(i+1).earliest-trip-stait
An analogousderivation stemmingfrom applicationof
monotonicityto the secondoccurrenceof trip-startresults
in
definitiontrip-separations-Its(sched) =
V(i : Int, t : Time)
(7 € {1..size(sched)—1}
At = sched(i+1).latest-trip-start- duration
= t > sched(t).latest-trip-start

Generating Splitting Code
The all-MVRs-scheduled constraintprovides the disjunc-
tion thatleadsto the globalsearchsplitting.
VY(m : MVR)
(me MVRs
= 3(¢)(se{1..size(sched) }Amesched(1).trip-MVRS))

Thisis notin the form of a setof disjunctionsof definite
inequalities. However, it is equivalentto the form

A V

me MVRs ie{l..size(sched)}

{m} C sched(i).trip-MVRs

which is an indexed conjunctionof disjunctionsof definite
inequalitiesin the meetsemilatticeof setswith union as
meetfor the trip-MVRs componenbf atrip.

Thusfor every MVR thereis a disjunctionconsistingof
theMVR beingonary oneof thetrips of thescheduleHow-
ever, the numberof trips is not known in advance.At each
point in the elaborationof the searchtree,the MVR could
be addedto an existing trip or a new trip could be created
andthe MVR addedo it. Thustherearetwo kindsof incre-
mentalrefinemento the solutionspace:addingan MVR to
atrip andaddinga new emptytrip (to which we thenaddan
MVR).

Thesetwo basicrefinementsanbe expressed:

sched’ (3).trip-MVRSs = sched (7).trip-MVRs U {m}
sched' = append(sched, trip, ) (append-new-trip)

where sched is the solution spaceof scheduledeforethe
refinement,sched’ is the solutionspaceof schedulesfter
therefinementandtrip, is the emptytrip, the bottom of
the semilatticeof trips°.

SFor completenesk is necessaryo alsoconsiderthe new trip



MVRs °

b
c
d
e
Time .
e [RTTR S PP )
sche
Trip 1
rnp (oo e )
{a,0) o 2
[
Trip 3
{e}
Legend: o release-time
due-time

earliest-trip-start

latest-trip-start

earliesttrip finish (earliest-trip-start- duration)
latesttrip finish (latest-trip-start+ duration)

NEPR - PGS Y

Figure3: ReformulatedSchedulingProblemSolution

To usetheserefinementst is corvenientto have themin
theform A’ = f(A). Theseconds alreadyin thisform; the
first canbe corvertedto
sched’

= seq-shafkched, 1,

tuple-shadsched (i), trip-MVRs,
sched(1).trip-MVRs U {m}))
whereseq-shaflS, i, z) is equalto sequencé exceptthatat
index i its valueis z.

(update-trip-MVRs)

SpecializedConstraint PropagationCode
The constraintsarestill notin the form of definiteinequali-
ties. Apartfrom all-MVRs-scheduledthey have theform

V(z) (p(A,z) = z C A).
Howeverthisis equivalentto eitherof theforms
reduce(U,{z | p(4,2)}) C A

/\ zC A
z | p(A,z)
which aredefiniteinequalitiegprovidedthatp is monotonic,
whichis the casefor our examples.

beinginsertednto the sequencehut to reducethe searchspacewve
just considerthe appendcase.As we scheduleMVRs in orderof
due date, this incompletenesfiasnot proved to be a problemin
practice.

Our derivation of propagtion codeworkswith the quan-
tified implicationform, the propagtionbeingforwardinfer-
ence. After every refinementone could re-evaluateall the
boundsfrom scratchbut for efficiency it is desirableto spe-
cializetheconstrainto theparticularrefinementWe exploit
thepropertieghatthe constraintvastruein the previousso-
lution spaceandthat we have just madeanincrementake-
finementof this space.

We generatea procedurdor eachdifferentkind of incre-
mentalrefinementto the solution space(suchas append-
new-trip andupdate-trip-MVRs) andincludein eachpro-
cedureconstraintheckingandpropagtioncodethatis spe-
cializedto the particularincrementarefinementFor exam-
ple, whenappendinga new trip to the endof the sequence
of trips, the earlieststarttime of the new trip maybedepen-
denton the earlieststarttime of the previous trip, whereas
thelateststarttime of the new trip may affectthelateststart
time of the previoustrip. Our concernin this sectionis how
to derive suchdependencieautomatically

Firstwe describeanabstracversionof thedervations.In
the next subsectiorwe give a detailedderivation of special-
izing a particularconstraintandthenwe give brief deriva-
tionsof specializatiorof the otherconstraints.

Consideran incrementakrefinemento A by somefunc-
tion g:

A= g(4) (so AC A"
andadefiniteconstraintC on A givenby



C(A) =V(z) (p(4,z) = z C 4)

We assumethat the constraintC' is true for the initial
spaced andwe wantit to be true in the refinedspaceA’.
C(A) is trueif for all z, p(A, z) is falseor z C A is true.
In the latter casewe have simply thatz T A’ by transiti-
ity, sowe canuseA asaninitial approximationof A’. To
find additionalvaluesof = thatbelongin A’ we assumehe
former case:we simplify C(A’) underthe assumptiorthat
p(A4, z) is false. We call this simplified C(A’) the residual
constrainfor C giventherefinement.

For the commoncasewherep is a conjunction this does
not work well in practicebecausehe negationis a disjunc-
tion which is difficult to usein simplification. Insteadwe
treateachconjunctseparatelyandcombinetheresultsasfol-
lows: if p(A,z) = (p1(4, z) A p2(A4,x)) andtheresiduals
for p1 (A, z) andpy (A, z) areh (A, z) andhy (A, z) respec-
tively thenthefull residualconstraints

V(z) (hy (4, ) Aps(A’,z) =z CE A')
AY(z) (p1 (A", 2) ANho(A,z) =z C A"

If a constraintis unafected by the refinementthen its

residualis false

SpecializingMVRs-r eady

We now usethis derivation schemeto derive the residual
constrainfor MVRs-ready':
V(i : Int, m : MVR)
(i € {1..size(sched)} A m € sched(z).trip-MVRs
= release-timém) < sched(:).earliest-trip-stait

giventheupdate-trip-MVRs refinement
sched’ (update-trip-MVRs ")

= seq-shafkched, i,

tuple-shadsched(i.), trip-MVRs,
sched(i.).trip-MVRs U {m.}))

Thevariablesaresubscriptedvith a ¢ to avoid namecon-
flict in the derivation andto emphasizehatin this context
they have alreadybeenboundto particularvalues.

Theresidualfor theconjuncti e {1..size(sched)} is false
becauseize(sched') simplifiesto size(sched) asseq-shad
doesnot affectthe sizeof the sequence.

Now we focuson thesecondconjunct,

m € sched'(7).trip-MVRs
simplifying it undertheassumption:
m e sched(7).trip-MVRs = false (negation-assumptior)
We requirethefollowing rules:

(seqg-shad-applicatior)
seq-shaf9, i, z)(j) = if ¢ = j then z elseS(j)
tuple-shadz, f, y).f =y (tuple-shad-deef)
(if z then y elsefalse) = (z A y) (if-then-else-falsg

Thesimplificationgoes:

m € sched'(i).trip-MVRs
{substituteupdate-trip-MVRs '}
= m e seq-shalkched, i,
tuple-shadsched(i.), trip-MVRs,
sched(i;).trip-MVRsU {m.}))

(2).trip-MVRs
{seg-shad-applicatior}
=me(ifi=1
then tuple-shaésched(i.), trip-MVRs,
sched(i.).trip-MVRs U {m.})
elsesched(1)).trip-MVRSs)
{moveif to top-level thenusetuple-shad-deref}
= if ¢ = i, then m € sched(3.).trip-MVRs U {m.}
elsem e sched(7).trip-MVRs
{negation-assumptiorandif-then-else-falsé
= (1 = i, A m € sched(i.).trip-MVRs U {m.})
{distribute ¢ overU}
= (1 = i A (m € sched(i.).trip-MVRsV m € {m.}))
{negation-assumptiorandsimplification}
==t Am=m)
Thefull residualconstraintbecomesafter simplification:
release-timém,) < sched’(i.).earliest-trip-start
Theproceduralizatiorf this residualis

if —release-timém,) < sched’(i.).earliest-trip-start
then sched(i.).earliest-trip-start— release-timém,)
Thuswe have athird incrementatefinemengivenby the
equation
sched’
= seq-shafsched, i,
tuple-shadsched (i.), earliest-trip-startt. ))
wheretherefinementhasbeenabstractedby introducingthe
variablet, for release-timémn.).

(update-earliest-starf)

Specializingtrip-separations-ets
Now we considerspecializinghetrip-separations-etscon-
straint.
V(i : Int, t : Time)
(i € {1..size(sched)—1}
A t = sched(i).earliest-trip-start+ duration
= t < sched(i+1).earliest-trip-stait

It is only affected by append-new-trip and update-
earliest-start.

Consideappend-new-trip. Theresiduafor thefirst con-
junct,i e {1..size(sched)—1} is i = size(sched). Thefull
residualconstraintbecomesaftersimplification:
sched(size(sched)).earliest-trip-start- duration

< sched'(size(sched)+1).earliest-trip-start

Theresidualfor thesecondconjunct

t = sched(1).earliest-trip-start+ duration
is
i = size(sched) + 1
A t = trip, .earliest-trip-start- duration
but thefull residualconstrainsimplifiesto falsebecause¢he
first conjunctbecomes e {1..size(sched)} whichis incon-
sistentwith : = size(sched) + 1.

Theresidualfrom thefirst conjuncthasthe sameform as
update-earliest-start so we canreusethe samerefinement
procedurealthoughpassingifferentarguments.

Now we considerthe effect of update-earliest-start on
trip-separations-ets



Theresidualfor thefirst conjunctis falsebecause¢he size
of the schedulds unafected. The residualfor the second
conjunctisi = i, A t = t. + duration. Thefull residual
constraintbecomesaftersimplification:
ic < size(sched)

= t. + duration < sched'(i.+1).earliest-trip-start

Again, exceptfor the conditional,this hasthe sameform
asupdate-earliest-startsothe sameprocedurecanbeused.
The completerefinementprocedurefor update-earliest-
start is asfollows:
function update-earliest-std#t, t., sched) =

if ¢, < sched(i.).earliest-trip-start

then sched % Old boundis tighter

elseif —t, < sched(i.).latest-trip-start

then T % Fail becausesarliestis after latest
else % Performupdateand propagate
let (sched’ =

seq-shatkched, i.,
tuple-shadsched(i.), earliest-trip-startz.)))
if i. < size(sched)
then update-earliest-stdit + 1, ¢, + duration, sched’)
elsesched’

The specializationof trip-separations-Its is similar to
thatof trip-separations-ets

Summary of GeneratedPropagationCode

Thebasicsearchroutinegeneratesew subspaceby callsto
append-new-trip andupdate-trip-MVRs . Theformerhas
acall to update-earliest-startwhich initializesthe earliest-
startof thenew trip basedntheearlieststartof theprevious
trip. update-trip-MVRs hascallsto update-earliest-start
and update-latest-start basedrespectiely on the release-
time and due-time of the MVR being added. update-
earliest-start is a linearrecursionthat propagtesa change
to the earliest-starof a trip to earliest-start®f subsequent
trips until onedoesnot needto be updatedbecausehe sep-
arationis alreadyadequate.update-latest-startis similar,
but propa@tesfrom the latest-starbf a trip to latest-starts
of previoustrips until onedoesnot needto be updated.

This propagtion codeis very efficient, performingvery
few unnecessartests. It is alsospace-dicient asthe con-
straintsarerepresente@rocedurallyandthesolutionspaces
are representedntensionallyby bounds. We have useda
depth-firstpropagtion control-structurdbecause¢he depen-
deng structurefor this problemis a tree. In general,a
breadth-firstcontrol structureis necessaryo avoid unnec-
essarywork whenthe constraininteractionsaremorecom-
plicated.

Extracting a Solution

For this problemthe extraction processis straightforvard.
The only issueis extractingvalid trip-startsgiven earliest-
and latest-trip-starts. One cannotarbitrarily chooseval-
ues from the intervals to get a valid schedule. For ex-
ample, choosingthe latest-trip-startfrom onetrip and the
earliest-trip-starfrom the next trip will likely violate the
trip-separation constraint. Always choosingthe earliest-
trip-startsor always choosingthe latest-trip-startgyives a

valid schedule. A more flexible stratgyy is to choosea
trip-startbetweerthe earliest-andlatest-trip-start§or some
trip, then call the proceduresupdate-earliest-start and
update-latest-start with the chosenvalue, sothatthe con-
sequencesf the choiceare propagted. Thenthis choose-
and-propagteprocessanberepeatedor othertrips until a
trip-starthasbeenchoserfor eachtrip.

In generalit is possiblethatthereis no valid solutionto
theoriginal problemwithin anon-emptyalid subspacéone
that satisfieshe transformedproblem). If a singlesolution
is requiredthen one must enumeratevalid subspacesintil
oneis found that hasat leastone extractible solutions. If
all solutionsare requiredthenall valid subspacesustbe
enumerated.If a minimal costsolutionis requiredthena
similarenumeratioris necessargxceptwe canaddthecon-
straintthatthe costof a solutionhasto belessthanthe cost
of the currentbestsolution.

RelatedWork

Mackworth (Mackworth 1992) gives a characterizatiorof
constraint-satigfction problemsin relationto variouslogi-
calrepresentatioandreasoningystemsuchasHorn First-
Order PredicateCalculusand ConstraintLogic Programs.
Our systemdoesnot fit within his framework. Our work,
alongwith thatof Rehofand Mogensensuggestshe addi-
tion of an extra dimensionto the framework in which the
booleanatticeis generalizedo anarbitrarylattice.

Our problemreformulationof replacingtrip-startby up-
perandlowerboundsontrip-startis similarto work thatuses
intenval techniques(Van Hentenryck, McAllester, & Ka-
pur 1995;BenhamouMcAllester, & VanHentenryckl994;
Hyvnen 1992). Our framevork canbe seenasa general-
ization of theseapproache$o work with arbitrarykinds of
bounds.

Our modelof constraintpropa@tiongeneralizeshe con-
ceptsof cuttingplanesin the OperationdResearcliterature
(Nemhause®& Wolsey 1988)andthe forms of propagtion
studiedin the constraintsatisfction literature (e.g. (Van
Hentenryck1989)).Our useof fixed-pointiterationfor con-
straintpropagtionis similar to Paige’s work on fixed-point
iterationin RAPTS (Cai & Paige 1989). The main differ-
encesare (1) RAPTSexpectsthe userto supplythe mono-
tonefunctionaspartof theinitial specificationvhereasve
derive it from a moreabstracstatemenbf the problem;(2)
RAPTS instantiatesa straightforvard iteration schemeand
then performsoptimizations. Suchan approachwould be
tooinefficient for schedulingapplicationssowe usedepen-
denceanalysisto generatecodethatis specificto the con-
straint systemat hand. RAPTS usesfinite differencingin
orderto male the iterationincremental. We have incorpo-
ratedthis into our framewvork andusedit in more comple
schedulingproblems.

Discussionand Further Work

The main focus of our work hasbeenon the synthesisof
high-performanceconstraint-solvingcodes— someof the
schedulershatwe have synthesizedisingKIDS run several
ordersof magnitude€astethanmanuallywritten schedulers



for the sameproblem. We believe that the speedis dueto
the specializedrepresentationf constraintsandthe ability
to optimizethe propagtion codesat designtime. We have
usedKIDS to synthesizavarietyof schedulingapplications
includingITAS (atheaterairlift scheduler{M.H.Burstein&
Smith 1996)andthe CAMPS Mission PlanneEmerson&
Burstein1999)which plansstratayic airlift missionsfor the
Air Mobility Commandat ScottAFB. Thespeef thegen-
eratedschedulingalgorithm hasallowed us to tackle very
comple constrainsystemsFor example the CAMPS Mis-
sion Plannerinvolves the routine schedulingof thousands
of airlift missions,andthe simultaneousandlingof mary
classe®f resource:aircraftandtheir configurationscrens
andtheir duty days,fuel, parkingcapacityat ports,working
andthroughputcapacityat ports,runway events,andothers.
Aircraft, crewsandportseachhave mary capacityandusage
constraintghat mustbe modeled.Every time a scheduling
decisionis made,t is propa@tedthroughthe constraininet-
work to decideif it entailsary inconsisteng.

We have describedour work as a generalizatiorof var-
ious frameavorks. Theseframewvorks have beendeveloped
in moredepththanourssothereare mary opportunitiesto
seehow ideasdevelopedin theseframavorkscanbecarried
over. Our focushasbeenmainly on schedulingalgorithms.
We have looked briefly at problemssuchasinteger linear
programmingbut not sufficiently to make a goodestimate
of their potentialcomparedo othermethods Working from
suchamodelis unlikely to givethebestresultsasthesemod-
els captureinformationin a very limited lattice structure.
Frequentlyproblemsmustbe reformulatedo gettheminto
theform requiredby thesegeneralmethods.Working from
the original problemwe may be ableto capturemoreof its
structurein latticesand so get a smallersearchspace.On
theotherhand,it maybepossibleto recover lattice structure
informationfrom analysisof anintegerlinearprogramming
problemspecification.

Our frameawork is not directly applicableto incremental
reschedulingf constraintsaare deletedaswell asadded. A
possibleway to handlethe removal of a constraintis to fol-
low dependenciesf the deletedconstraintsto seewhich
valuesmay have dependedn them. Thesevaluescanbe
relaxed so that the spaceis large enoughto find a solution
whenthenew constraintsareadded.
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