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Abstract

A high-level abstract-datatype-basezmbnstraintmodelling
languageopensthe door to an automatableempirical deter
mination— by a synthesiser— of how to ‘best’ represent
the decisionvariablesof a combinatorialoptimisationprob-
lem, basedon (real-life) training instance®f the problem.In
the extreme casewhereno suchtraining instancesare pro-
vided,suchasynthesisewould simply be non-deterministic.
A first-orderrelationalcalculusis agoodcandidatdor sucha
languageasit givesriseto very naturalandeasy-to-maintain
modelsof combinatorialoptimisationproblems.

I ntroduction

Combinatorial optimisation problems areincreasinglyubig-
uitousand crucial in industry Indeed,stayingcompetitve
in theglobalNew Economyrequiresthe efficient modelling
andsolving of suchproblems,whoseinstancesare getting
largerandharder Examplesareproductionplanningsubject
to customerdemandand resourceavailability so that sales
aremaximised,andair traffic control subjectto safetypro-
tocolssothatflight timesareminimised.Appropriatevalues
for the decisionvariableshave to be found within their do-
mains,subjectto someconstraintssuchthat someoptional
objective functionon thesevariablesakesanoptimalvalue.
In recentyears,modellinglanguagedasedn somelogic
with setsand relations have gained popularity in formal
methods,witnessthe B [1] and z [10] specificationlan-
guagesthe ALLOY [6] objectmodellinglanguageandthe
Object ConstraintLanguage(ocL) of uMmL. In database
modelling, this had been long adwcated, most notably
via entity-relation-attrilnte (ERA) diagrams. We examine
whetherconstraintmodellingcanbenefitfrom theseideas.
Setsand set expressionsrecently started appearingas
modelling devices in some constraintprogramminglan-
guageswith setvariablesoftenimplementedy the setin-
tenval representatiofb]. In the absencef suchanexplicit
setconceptmodellersusuallyrepresent setvariableasan
arrayof 0/1 integervariablesjndexedby the domainof the
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set.In termsof propagationthesetinterval representatiors
equivalentto the 0/1 representationyhich consumesnore
memorybut is ableto supportmoresetexpressiongndcon-
straints.Both representationarerestrictedo finite sets.

Relationshave not receved much attentionyet in con-
straint programminglanguagesgxcept the particular case
of atotal function,via arrays.Indeedatotal function f can
be representea@sa 1-d arrayof variablesover the rangeof
f, indexedby its domain,or asa 2-d arrayof 0/1 variables,
indexedby thedomainand rangeof f, or evenwith somere-
dundang, aslong aschannellingconstraintgelatethe parts
of the redundantrepresentation.Other than retrieving the
(unique)imageundera total function of a domainelement,
therehasbeenno supportfor relationalexpressions.

We claim thata high-level constraintmodellinglanguage
with abstractdatatypegfor sets,relations,and sequences)
openghedoorto anautomatablempiricaldetermination—
by a synthesiser— of how to ‘best’ representhe decision
variablesof acombinatoriabptimisationproblem,basecdn
(real-life) training instancesthereof. In the extreme case
whereno suchtraining instancesare provided, sucha syn-
thesisewould simply be non-deterministicA suitablefirst-
orderrelationalcalculusis a goodcandidateor suchalan-
guage,asit givesrise to very naturaland easy-to-maintain
modelsof combinatorialoptimisationproblems.

We hereignoretheissueof how to parameterisa solver,
sayby providing a suitablelabelling heuristic,towardsthe
solving of the modelledproblem. For non-expert or lazy
modellersthistaskcanalsobeleft to synthesiserg7,8]. We
thushereonly aim at techniqueghat find the ‘best’ model
for a given solver, underits default settings.

Relational Modelling with ESRA

Design Decisions. In constraintsatisfiction, much more
effort hasbeendirectedat efficiently solvingthe constraints
thanatfacilitatingtheir modelling. Constrainfprogramming
languageseflectthis, astheircontrolstructuresndvariable
representatiooptionsareusuallyquitelow-level.

Thekey designdecisiondor ourconstrainmodellinglan-
guage— calledesra — areasfollows. We wantto cap-
ture commonmodellingidiomsin abstracidatatypesespe-
cially for relations,so asto designa truly high-level lan-
guage.Computationatompletenest notaimedat, aslong
asthenotationis usefulfor elegantlymodellingalargenum-



berof combinatorialoptimisationproblems.We (currently)
donotsupportproceduresandhenceno procedurecallsand
no recursion. Similarly, we focus on finite domains,and
supportonly boundedyuantification.In orderto maximally
sugarthefirst-orderlogic natureof thelanguagewe adopta
‘lower128Ascil’ syntax,unlikethelATEX-requiring syntax
of z, aswell asa JavA-style declarationof the universally
guantifiedvariables.For reason®of spacewe hereonly in-
troducethe conceptof ESRA thatareactuallyillustratedin
this paper Also, we can“only” give aninformal semantics.
Thereademmaymonitorwww.csd.uu.sefpierref/astrdor a
completedescriptionof thefull language.

ModellingtheData. A primitivetypeis eitherafinite enu-
merationof new constantdentifiers,or afinite rangeof inte-
gers,indicatedby its lowerandupperbounds.Theonly pre-
definedprimitive typesaretherangesnat andint , which
are0:maxint  and-maxint:maxint , respectrely, with
maxint beingthe maximumrepresentableteger.
Relations are declared using the # relation type-
constructor Considertherelationtype A m:n # p:q B.
ThenA andB mustbe primitive types,designatinghe two
participantsof ary relationof this type, with A beingcalled
the domain and B the range of sucha relation. The sec-
ond and third argumentsof # are multiplicities, with the
following semantics:for every elementof A, thereare be-
tweenmandn elementsof B, andfor every elementof B,
therearebetweerp andqg elementf A in sucharelation.
We thus(currently)restrictthefocusto binary relations be-
tweenprimitive typesonly. For partial andtotal functions,
m:n is 0:1 andl1:1 , respectiely. For injections,surjec-
tions, and bijections,p:q is 0:1 , I:maxint , and1:1 ,
respectiely. Ratherthanelevating functionsandtheir par
ticular casego first-classconceptith aspecificsyntax,we
preferkeepingthe notationleanandleave their specialised
handlingto the synthesiser This hasthe further advantage
thatonly themultiplicities needto bechangedluringmodel
maintenancesaywhena functionbecomesrelation.
(Arraysof) instance-datsariablesaredeclaredn a JavA-
style stronglytypedsyntax. All instancedataarereadin at
run-timefrom a datafile. Decisionvariabledeclarationgol-
low the samesyntax,but areprecededy thevar keyword.
The usageof arraysof decisionvariables thoughpossible,
is sometimegliscouragedasthey may amountto a prema-
ture commitmentto a low-level representatiof what es-
sentially arerelations. Due to the (current)restrictionson
relationsarraysarenot aredundanteature.All declarations
denoteuniversally quantifiedvariables,with the instance-
dataonesexpectedo be groundat solving-timeandthe de-
cisiononesexpecteduo still bevariablesthen.

Modelling the Cost Function and the Constraints. Ex-
pressionsareconstructedn the usualway. The usualarith-
meticoperatorsreavailable,suchascard for thecardinal-
ity of asetexpressionprd for the positionof anidentifier
in anenumerationandsum for the sumof a boundedand
possiblyfiltered) numberof numericexpressionsLet R be
arelationof type A m:n # p:q B. For ary element(or

subset)a of A, the navigation expressiona.R designates
therelationalimageof a, thatis the possiblyempty setof
all elementsn B that arerelatedby R to (arny elementin)
a. If m:n is1:1 , thena.R simply designateshe (unique)
elementof B thatis relatedto elementa of A. Therelation
expression~R designateshetransposeelationof R, which
is thusof typeB p:g # m:n A. Theelementf arela-
tion arerepresentedsa#b pairs.

First-ordedogic formulasarealsoconstructedn theusual
way. Atomsarebuilt from expressionsvith theusualpredi-
catessuchastheinfix in for setorrelationmembershiand
the infix ‘<=" for the ‘<’ inequality betweennumericex-
pressionsFormulasarebuilt from atomswith theusualcon-
nectvesandquantifierssuchasnot for negation,theinfix
‘& and‘=>’" for conjunctionandimplication,andforall
andexists  for bounded(and possiblyfiltered) universal
andexistentialquantification.The usualtyping, association,
andprecedenceulesapply.

The cost function is a numericexpressionthat hasto be
eitherminimisedor maximised.The constraints on the de-
cisionvariablesarea conjunctionof formulas.

The Warehouse L ocation Problem

A compalry considersopeningwarehousesn somecandi-
datelocationsto supplyits existing stores. Eachcandidate
warehouséhasthe samemaintenanceost, and the supply
costto a storedependon the warehouse Eachstoremust
be suppliedby exactly onewarehous€C’). Eachcandidate
warehouséasa capacitydesignatinghe maximumnumber
of storesit cansupply(Cs). The objectve is to determine
which warehouse$o open,andwhich of thesewarehouses
shouldsupply the variousstores,suchthat the sum of the
maintenancandsupplycostsis minimised.In moremathe-
maticalterms,the soughtsupplyrelationships a total func-
tion from the setof storesnto thesetof warehousesndthe
setof warehouseso be openeds therange of thatfunction.
This problemwasfirst modelledasa constraintprogram
in thereferencenanualof ILOG SOLVER 4.0 (in 1997),and
thenmodelledin opL [11]. There,the soughttotal func-
tion is modelledby a 1-d arrayof variablesrepresentinghe
(unique)warehousehatsupplieseachstore therebycaptur
ing the constraintC;. The setof warehouses$o be opened
is modelledin aredundantvay (becausét would sufiice to
retrieve the rangeof that function), namelyasa 1-d array
OWbf 0/1 variables,suchthat OW[w] is 1 iff warehousev
is opened. A channellingconstraintis then necessaryex-
pressingthat a warehousehat is actually supplyingsome
storemustbe opened.The costfunction and constraintCsy
canonly be expressedn a low-level way, nhamelyby re-
interpretingthe Booleansof OWandthetruth valuesof local
constraintsas numericweights. Thingsbecomeeven more
awkwardif we non-redundantlynodelthe supplyfunction,
namelyjust by the 1-d array of variablesrepresentinghe
warehousehat supplieseachstore. On the instancedata
we tried, this modelis actuallyan orderof magnitudemore
efficient (by all measures)hanthe publishedone, but it is
muchlessreadable This shavsthatredundang elimination
may pay off in performancehut it may just aswell be re-



nat MaintCost

enum Warehouses, Stores

nat Capacity[Warehouses],
SupplyCost[Stores,Warehouses]

var Stores 1:1 # nat Warehouses Supply

minimise

sum(s#w in Supply)
+ card(Stores.Supply) *

subject to {

forall(w in  Warehouses)
card(w."Supply) <= Capacity[w] }

I

SupplyCost[s,w]
MaintCost

I/

Figurel: The Warehousé.ocationproblem

Hal | Jim | Bob Nat | Eve | Pat
Nat | 1 2 3 Hal | 3 1 2
Eve | 2 3 1 Jim | 3 1 2
Pat | 3 2 1 Bob | 3 2 1

Figure 2: Rankingsof the womenfor the men (left), and
rankingsof themenfor thewomen(right)

dundang introduction. But this is hardto guessashuman
intuition maybeweakhere.

Figure 1 shavs an ESRA model of the problem. The
soughtsupplyrelationshigs modelledasarelationandcon-
strainedto be a total functionfrom the storesinto the ware-
houses therebycapturingconstraintC;. The eleganceof
the cost function reflectsthe freedomfrom representation
choiceswith the navigation expressionStores.Supply
retrieving the setof warehousehatareto be opened.The
only constraintgracefullycapture<C, usingthe navigation
expressionw. ~Supply to retrieve the set of storesthat
warehousev supplies. From this model, lower-level mod-
elscanbesynthesisedncludingthe onesdiscussedbove.

The Stable Marriage Problem

Original Version. Considera dating agengy where an
equalnumbern of womenandmenhave signedup andare
willing to marryary opposite-se persorof thegroup. They
have ranked all possiblespousedy decreasingreference.
Figure2 hassampleinstancedatawherealowerrankmeans
a higherpreference For instance Hal is Nat'’s first choice,
but it is Eve who is Hal's first choice. The objectie is to
matchup the womenand men suchthat all marriagesare
stable. A marriageis stable if, whenever spouses prefers
someotherpartner this partnerprefersher/hisspouseo s.
Sos maybeunhapyy, but s/heis boundto staywith her/his
spouse.ln more mathematicaterms,the soughtmarriages
form abijection betweerthe setsof womenandmen.

This problemwasfirst modelledasa constraintprogram
in thereferencenanualof 1LOG SOLVER 4.0(in 1997),and
then modelledin opPL in a significantly simplerway [11].
Themarriagesaremodelledin aredundantvay, via two 1-d
arraysof variablegepresentinghe (unique)husbanaf each
womanandthe (unique)wife of eachman,respectiely. A
channellingconstraintis necessaryo ensurethatbothtotal
functionsarethe inverseof eachother thatis to achieve a
bijection. To achieve betterpropagation this channelling

C1

c2

enum Women, Men

nat RankW[Women,Men], RankM[Men,Women]

var Womenl:1 # 1:1 Men Marriage /I Dbij.

solve {

forall(w#m, p#o in Marriage) {
RankW[w,0] < RankW[w,m] // stability 1
=> RankM[o,p] < RankM][o,w]

& RankM[m,p] < RankM[m,w] // stability 2
=> RankW[p,0] < RankW[p,m] } }

Figure3: Theoriginal StableMarriageproblem

constraintis expressedor both functions, requiring every
personto beidenticalto the spouseof their spouse.

A secondmodelwould non-redundantlynodelthe mar
riages,namelyby a singletotal function, thatis a 1-d array
of variablesrepresentinghe wife of eachman,say To en-
forcethebijectivenesof this function,all variablesarecon-
strainedo bedifferent. Thismodelis probablylessefficient,
andthis hasbeenthe casewith theinstancedatawe tried.

A third modelwould modelthe marriagesn a 2-d array
Marriage of 0/1integervariablesjndexed by thewomen
and men, so that Marriage[w,m] is 1 iff womanw is
marriedto manm Two bijectivenesonstraintsareneces-
saryto enforcethatevery personhasexactly onespouseso
thatthereis exactly onel in eachrow andin eachcolumn.
This modelis probablylessefficient thanthe secondone,
andthis hasbeenthe casewith theinstancedatawe tried.

Figure3 shavs anEsrRA modelof the problem. Themar
riagesaremodelledasarelationoverthe setsof womenand
men,suchthatit is abijection. Fromthis model,lower-level
modelscanbe synthesisedncludingthe onesabove, using
thevariouswaysof representingelations,andexploiting in-
sightsgainedfrom thoroughstudiesof bijections[9,12].

Model Maintenance. Relationsandtheir particularcases
(partialfunctions,total functions,injections,surjectionshpi-
jections,andso on) area single, powerful conceptfor ele-
gantly modellingmary aspectf combinatorialoptimisa-
tion problems. Also, thereare not too many different,and
evenstandard, waysof representingelationsandrelational
expressionsThereforewe adwocatethatthesynthesisecan
actuallymake a (systematicempiricalevaluationof candi-
daterepresentationsjsing (real-life) training instancesof
theproblem.In theabsenc®f suchtraininginstancessuch
asynthesisewould simply be non-deterministicAlso, the-
oretical studiessuchas[12] shouldbe madefor particular
case®f relationsin orderto obtainrulesstatingwhenarep-
resentations advisableandwhennot, therebyreducingthe
volumeof suchempiricalstudiesby synthesisers.

Model maintenanceat the high ESrRA level reducesto
adaptingto the new problemandre-synthesisingasall rep-
resentatior(andthus solving) issuesare left to the synthe-
siser At lower levels, modelmaintenancés quite tedious,
asthe early if not uninformedrepresentatiorchoiceshave
to be taken into accountand asthe lower-level notationis
more awkward. Worse, a representatiorthange,a redun-
dang elimination, or a redundang introduction (suchas



enum Women, Men
nat RankW[Women,Men], RankM[Men,Women]
var Womenl:3 # 0:1 Men Marriage

solve {
forall(w#m in Marriage) {
forall(o in  Men) /I stability 1
RankW[w,0] < RankW[w,m] =>
exists(p in Women: p#o in Marriage)
RankM[o,p] < RankM[o,w]
& forall(p in  Women) /I stability 2
RankM[m,p] < RankM[m,w] =>
forall(o in Men: p#o in Marriage)

RankW[p,0] < RankW[p,m] } }
Figure4: ThePolyandricStableMarriageproblem

a modelintegration or the addition of implied constraints)
may“haveto” beoperatedbecausé is unlikely that,for the
consideredraininginstance®r in generalthe ‘best’ repre-
sentationis the samefor bijectionsasfor full relations say

Suchre-synthesiss alsonecessaryvhenthe distribution
of instance®nwhichthemodelis deployedbecomedgliffer-
entfrom the training distribution usedwhenthe modelwas
formulated.But the modellermay be unwilling or unableto
do this experimentatiorfor finding the ‘best’ model,or s/he
may be unawvareof insightsgainedfrom agenerakempirical
study suchason how to ‘best’ modelbijections[9].

Polyandry Version. Imaginea countrywherethe law al-
lows womento marryupto 3 men,but menmaymarryonly
1woman.Also considethatall womenwhosignedup atthe
ageng needto marry. Thesoughtmarriagesiow form afull
relation betweerthe setsof womenandmen. A polyandric
marriageis stable if, whenerer spouses preferssomeother
partner this partneris married,and s/heprefersall her/his
spouseto s. If atleastasmary menaswomenhave signed
up atthe ageng, the problemremainsa decisionproblem.
Figure 4 shovs an ESRA model of this nev problem.
Themultiplicitieswerechangedandthestability constraints
wererephrasedo reflectthe new definition. (The samesta-
bility constraintscould actually also have beenusedin the
model of Figure 3, becausdahe new definition of stability
impliesthe original onein its context.) The modelmainte-
nancewasindeedunburdenedoy representatioissues.

Conclusion

Related Work. Thisresearclowesalot to previouswork
onrelationalmodellingin formalmethodsandon ERA-style
semanticdata modelling, especiallyto the ALLOY object
modellinglanguagd6], whichitself gainednuchfrom thez
specificatiomotation[10] (andlearnedrom umL/ocL how
notto doit). Contraryto ERA modelling,we do notdistin-
guishbetweerattributesandrelations.

In constraintprogramming,opL [11] standsout as a
medium-level constraintmodelling language,and ALMA
[2] is also becominga very powerful notation, on top of
MODULA-2. Our ESRA languagesharesvith themthe quest
for a practical declaratve modelling languagebasedon a

strongly-typed(full) first-orderlogic with arrays(andwith
thelook of animperatve language)while dispensingwith
suchhard-to-properly-imfement and rarely-necessarfor
constrainimodelling)‘luxuries’ asrecursiorandunbounded
guantification.As shavn, ESRA evengoesbeyondthem,by
adwocatinganabstractiew of relations.

Current and FutureWork. OurESRA languages anex-

tensionof a streamlinedsignificant)subsebf opL. A pro-

totype ESRA-t0-OPL synthesisef4] hasbeenimplemented
by SimonWrang. The semanticof ESRA will be givenin

animplementation-independéway; in two layers.Indeed,
somefeaturesof ESRA arejust syntacticsugarfor combi-
nationsof (a few) kernelfeatureshencewe will provide an

operationalsemanticgby rewrite rules)for the non-kernel
features,and a set-orienteddenotationalsemanticsor the
kernel features. We can then tackle the joint considera-
tion of the modellingandthe solver parameterisationThe
synthesisewill alsobenefitfrom our work on symmetry-
reducing/breakingonstraintg§3]. A graphicallanguagecan
bedevelopedor thevariablemodelling,includingthemulti-

plicity constraintonrelations sothatonly the costfunction
andtheotherconstraintsieedto betextually expressed.
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